I n the last paper which I communicated to the Royal Society on the doctrine of survivorships, I concluded with observing that, as far as m y own judgm ent could discover, I had then given rules for determ ining the values o f reversions depending upon three lives in every case which admitted o f an exact so lution, and that the remaining cases, which were nearly equal in number to those I had already investigated, involved a con tingency for which it appeared very difficult to find such a general expression as should not render the rules too com plicated and laborious. Since that period I have bestowed much time and attention on this subject, and have at length so far succeeded as to give me reason now to hope that it is capable of being entirely exhausted. It is not m y present de sign to enter into the investigation o f all the problems which still remain to be solved. I shall here confine m yself to a few of the most important, reserving the conclusion of the subject for some future opportunity. T he contingency to which I have alluded in this and my former paper, as opposing the great difficulty in those pro blems which I have not yet solved, is that of one after another in a given time. It becomes necessary, therefore, previous to any other investigation, to deduce a general me thod of ascertaining such an event, and for this purpose I shall subjoin the following lemma, LEM M A.
SO LU TIO N .
T his event can take place in the first year only by the ex tinction of both lives, A having died first; the probability of ---------r -1 --------1 ---------7-By proceeding in the same manner for the fourth year, the probability will be found
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2--------^ a I ld SU ppO Sing x to denote the difference between the ages of B, and of the oldest person in the table, and y and % respectively the num ber of persons living at the two last ages in the same table, the whole probability of the elder life's dying after the younger will be = ~ into b-z.a! -[-wno -z . .... + y -z .ax^-\-a x. Now, since it is well known that the probability of both lives failing in x years, without any regard to the order o f their extinction, is == bj-zxu ±£_±f_±£ ....... ± £ ^or SUpp0Sjng ^ to be the number o f persons living at the end of x years from the age of A ) = ft *s evident that, if the foregoing series be subtracted from this fraction, the probability will be obtained of the younger person's dying after the elder in x years. In the first paper which I communicated to the Royal Society on this subject,* I not only described the most concise method of computing a table of the probabilities of survivorship between any twro given lives, but computed a comprehensive one for persons of all ages, whose common difference was not less than ten years. As the contingency in this lemma is of considerable In the solution of all the problems which involve the con tingency in the foregoing table, the constant method of ascer taining it has hitherto been, by taking half the probability of the two lives becoming extinct in a given time, both in the case pf the elder life's dying after the younger, and of the younger's dying after the elder. W hen the ages of the two lives are very different, this method (as I have observed in m y former paper) must be incorrect. I have taken considerable pains to determine the extent of the inaccuracy, and for this purpose have computed the following table. As the approximation appears from the preceding table to be always sufficiently correct, except in the two or three last years of B's life, it is evident, that if the fractions whidh express the probability of B's dying after A in those years, be either confined only to the value of the annuity during that short period, or be not involved at all in the computation, no great inaccuracy will arise from having recourse to the ordi nary method of determining that probability, provided the so lution be founded on real observations of life, and not on Mr. D e M oi v r e 's hypothesis. In the present problem, when C or A is the oldest of the three lives, the abovementioned fractions either never enter into the computation, or are confined to the last years of A's life ; and in both cases they are combined H h 2 236' M r. Morgan on .
with another contingency, which necessarily renders them of % less consequence. T he solution, therefore, particularly in the former case, becomes very ea sy ; and even in the latter, by the assistance of the table in my first paper,* it becomes equally simple and correct. But when B is the oldest of the three lives, the above fractions are combined with a series which is often of considerable importance, and consequently the com mon-method of solution fails in this case. Y et even here, be ing possessed of the table deduced from the foregoing lemma, it is attended with little or no difficulty, and a general rule as short and accurate is obtained as in the other cases. This however will be more satisfactorily proved by the following operations.
1st. L et C be the oldest of the three lives. In the first year the payment of the annuity depends on one or other of two events ; either that A and B both die (B having died last), and that C lives, the probability o f which event is expressed by a or that only A dies, and that B and G both live, which probability is expressed by T he value, therefore, of the annuity for the first year will be s=s fn the second year, the payment of the annuity depends nearly on the same events: 1st. that A and B both die in the first or second year (B having died last), and that C lives to the end of this term, The first of these series is = ---, and the second is BC-ABC ; hence the required value in this case 
C-AC . BC-ABC IS = ------------1 --------------.
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&c. and that it is impossible to find a general expression which shall be equal to this latter series and at the same time fit for use. This has rendered it necessary to have recourse to the present approximation. But in the first column of the following examples, each term of this last series has been se parately computed, so that by comparing the values in that and the second column an exact idea may be formed of the accu racy of the preceding rules.
M r. M o r g a n on Survivorships. From these examples it appears, that when C or A is the oldest of the three lives, the approximated and the true values agree sufficiently near for any useful purpose; and that even when B is the oldest, the difference is almost as inconsiderable. It should likewise be observed, that these examples are cases in which the difference is likely to be greatest, and therefore a nearer approximation need not be required. Both Mr. S i m p s o n and myself have given solutions of this problem, and in most of the foregoing examples the values derived from them are more correct than could have been expected; but these solutions being founded on a wrong hypothesis, are not so correct as the present, except when C is the oldest of the three lives, nor are they even more simple, so that it can now be seldom necessary to have recourse to them. W ithout the assistance of the preceding lemma, and the computations which have been just made, it would not have been possible to have ascertained the degree of accuracy of any approximation; and therefore were no other end answered by them, this of itself would be of sufficient consequence to deserve the time and labour which I have bestowed upon this subject. But it will appear, in the solution of some of the succeeding problems, that the use and application of this lemma, and especially of the table deduced from it, are much more extensive and im portant. If the solution of either of these two problems be given, the solution of the other problem may be immediately de rived from i t ; for the value of the reversion in one is no more than the difference between the value of the reversion in the other, and the value of an annuity on the life of C after A. In other words, let the value found by either of these pro blems be called Q, and the required value of the reversion in the other problem, supposing the ages of A, B, and C to be the same in both, will be == C -AC -Q. This deduction is self-evident, and if applied to any of the foregoing rules will be found to confirm the truth of the solution. If the three lives be e q u a l , the two first rules becom T o find the value of a given sum payable on the death of C, provided A should be the first, B the second, and C the third that shall fail of the three lives A, B, and C.
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SO LUTION.
When C is the oldest of the three lives. T o receive the given sum in the first year, it is only necessary that the three lives should become extinct in the order specified in this pro blem, and therefore the value of S for this year will be = true values, I have in the following examples undergone the labour of separately computing each of those latter fractions, and the results appear to differ so little from the approximated values, that I think a greater degree of accuracy need not lie required. I Value of £ 100, payable on the contingency in this problem, com puted from the Northampton , at 4 per cent.
than when B is the older life, the error must necessarily bear a less proportion to the whole value than it does in the pre ceding examples. W ith regard to the fifth problem, the error in some cases is greater, in others less than in the present problem. If B and C are both older than A it will be nearly twice as great. If one is older and the other younger, it will be altogether incon siderable ; for the fractions which express the probability of the older of B and C dying after A will be as much above the truth, as the other fractions expressing the probability that tfie younger of these two lives die after A will be below it, and thus the errors of one correct those of the other, and render the computation almost perfectly accurate. I have not given any examples to that problem, not only as the correctness of its rules may be inferred from the examples which have been given to those of the present problem, but as I wished to make as few additions as possible to a paper, which having engaged a large portion of my time and attention for the last three years, has already become too long, and for which my only apology is the attempt to give correct, and not very laborious, solutions to some of the most difficult and complicated cases in the doctrine of survivorships.
